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Abstract

An inplane problem for a crack moving with constant subsonic speed along the interface of two piezoelectric mate-
rials is considered. A mechanically frictionless and electrically permeable contact zone is assumed at the right crack tip
whilst for the open part of the crack both electrically permeable and electrically insulated conditions are considered. In
the first case a moving concentrated loading is prescribed at the crack faces and in the second case an additional elec-
trical charge at the crack faces is prescribed as well. The main attention is devoted to electrically permeable crack faces.
Introducing a moving coordinate system at the leading crack tip the corresponding inhomogeneous combined Dirich-
let–Riemann problem is formulated and solved exactly for this case. All electromechanical characteristics at the inter-
face are presented in a closed form for arbitrary contact zone lengths, and further, the transcendental equation for the
determination of the real contact zone length is derived. As a particular case of the obtained solution a semi-infinite
crack with a contact zone is considered. The numerical analysis performed for a certain piezoelectric bimaterial showed
an essential increase of the contact zone length and the associated stress intensity factor especially for the near-critical
speed region. Similar investigations have been performed for an electrically insulated crack and the same behavior of
the above mentioned parameters is observed.
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1. Introduction

Piezoelectric materials due to their intrinsic thermo-electro-mechanical coupling are referred to the most
actively developed contemporary materials which are widely used in engineering as sensors, transducers and
actuators. However, an adhesion of isotropic, anisotropic or piezoelectric components leads usually to the
appearance of interface cracks which can situate in the interfaces till the appearance of certain critical con-
ditions which lead to growth and propagation of a crack into the matrix or more really along the interfaces.
The explanation of the static interface cracks behavior and their dynamic propagation along the interfaces
of multiphase materials under mechanical, thermal and electrical loadings forms an important basis for an
assessment of the strength of real constructions.

The first solution of a dynamic steady state crack problem was given by Yoffe (1951) who considered a
crack of a finite length moving with constant velocity in an infinite isotropic solid. The investigation of an
interface crack propagation along the interface of two isotropic solids has been initiated by Gol�dstein
(1966) and was continued by Willis (1971), Atkinson (1977) and other authors. In these papers various
loadings and different crack velocities with respect to the Rayleigh wave speed have been considered.
The Lekhnitskii (1963), Eshelby et al. (1953) and Stroh (1958) formalisms have been applied by Wu
(1991) and Yang et al. (1991) for the investigation of an extending interface crack in an anisotropic bima-
terial along a straight interface. The generalization of Yoffe�s (1951) and Gol�dstein�s (1966) problems upon
the investigation of an interface crack propagating along an interface of two anisotropic materials has been
particularly performed by Yang et al. (1991).

An effect of the temperature upon an interface crack running along the interface of isotropic and aniso-
tropic materials has been studied in the papers by Herrmann and Noe (1992, 1993, 1995) and Noe and
Herrmann (1993, 1997). Experimental investigations and theoretical studies of thermoelastic problems
for a crack propagating along a curvilinear interface has been performed in these papers by means of
the method of caustics and the analytical approach based upon the Lekhnitskii–Eshelby–Stroh formalism.

It is worth to note that to our knowledge the results concerning the propagation of an interface crack
along the interface between two piezoelectric materials or between piezoelectric and nonpiezoelectric mate-
rials are practically absent in the literature. Only the papers by Chen et al. (1998) and Wang et al. (2003)
where an anti-plane problem for a Griffith crack moving along an interface of a piezoelectric bimaterial was
studied as well as by Shen et al. (2000) considering the power of the stress field singularities concerning an
in-plane electrically permeable crack running between two piezoelectric materials can be referred to on this
subject.

Moreover, all results mentioned above were obtained in the framework of a so-called ‘‘open crack’’
model for an interface crack (Williams, 1959) possessing for a subsonic in-plane case the oscillating singu-
larity at the propagating crack tip. Such an approach is suitable if the interpenetration zone of the crack
faces remains small with respect to the current crack length or some other characteristic dimensions of
the problem. For a static case this condition is usually satisfied for real materials provided the absence
of essential shear and thermal fields. However, for a propagating crack the bimaterial ‘‘constant’’ e (para-
meter of oscillation) becomes dependent on the crack speed m and according to Yang et al. (1991) this para-
meter can rapidly grow if v tends to the Rayleigh wave speed of one bimaterial component.

The contact zone model for an elastostatic interface crack has been suggested by Comninou (1977) and
was further developed in an analytical way by Simonov (1985), Gautesen and Dundurs (1988), Loboda
(1993) and other authors. An exact analytical investigation of the contact zone model for an interface crack
in an anisotropic bimaterial has been performed by Herrmann and Loboda (1999) and a similar investiga-
tion for a piezoelectric bimaterial has been done by Herrmann and Loboda (2000) and Herrmann et al.
(2001) for electrically insulated and electrically permeable cracks, respectively. A moving semi-infinite inter-
face crack in an isotropic bimaterial under a concentrated loading on its faces was analyzed by Simonov
(1983) by taking into account the contact of the crack faces at the leading crack tip. The dynamic contact
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problem for an orthotropic half-plane and an orthotropic bimaterial plane with different types of boundary
conditions at the material interface was investigated by Nakhmejn and Nuller (1990). Particularly the prob-
lem of the delaminating of a rigid stamp from a semi-infinite orthotropic plane with an account of the open,
closed and bonded zones at its interface was analyzed in this work. An interface crack moving along an
interface with an intersonic speed was considered by Huang et al. (1998). But it is worth to note that for
an intersonic case the bimaterial parameter e becomes a complex value and the mathematical peculiarities
of the problem become completely different from the associated one in the subsonic case. Herrmann et al.
(2004) presented an exact analytical solution for an interface crack between two anisotropic materials mov-
ing along an interface with a subsonic speed.

In the present investigation the problem of a moving interface crack in a piezoelectric bimaterial with an
account of a contact of the crack faces at the leading crack tip is considered. The cases of a finite and a
semi-infinite crack length are under consideration, and the crack speed is restricted to a subsonic regime.
2. Basic relations for a piezoelectric solid with an account of a moving coordinate system

According to Parton and Kudryavtsev (1988) the dynamic constitutive equations for a piezoelectric
material in a fixed coordinate system (X1,X2,X3) can be written in the form
ðcijrsur þ esjiuÞ;si ¼ q
o2uj
ot2

; ð1aÞ

ð�eisuþ eirsurÞ;si ¼ 0; ð1bÞ

rij ¼ Cijrsur;s þ esjiu;s; ð2aÞ

Di ¼ �eisu;s þ eirsur;s; ð2bÞ
where uk, u, rij, Di, are the elastic displacements, electric potential, stresses and electric displacements,
respectively, and q is the material density. Furthermore, cijkl, elij and eij are the elastic modulo, piezoelectric
constants and dielectric constants, respectively. Small subscripts in (1)–(2) and afterwards are always rang-
ing from 1 to 3 and Einstein�s summation convention on repeated Latin suffixes has been used. Further, the
right hand side of Eq. (1b) equals zero because the magnetic effects can be neglected for a study of elastic
waves and the so-called quasi-static approximation for the electrical field can be used (Parton and
Kudryavtsev, 1988).

Further, by introducing the vector U = [u1,u2,u3,u]
T and by performing the following traditional coor-

dinate transformation x1 = X1 � vt, x2 = X2, x3 = X3, where v is the speed of the crack tip which is assumed
to move along an interface. Eqs. (1) in the moving coordinates x1,x2, x3 attain the following form:
QU;11 þ ðRþ RTÞU;13 þ TU;33 ¼ 0; ð3Þ
where
Q ¼
Q0 e11
eT11 �e11

� �
; R ¼

R0 e31
eT13 �e13

� �
; T ¼

T 0 e33
eT33 �e33

� �
; ð4Þ

ðQ0Þik ¼ ci1k1 � qv2dik; ðR0Þik ¼ ci1k3; ðT 0Þik ¼ ci3k3; eik ¼ ½ei1k; ei2k; ei3k�; ð5Þ

dik is the Kronecker delta and the superscript T stands for the transposed matrix.

It is assumed that the crack speed v is lower than ccr, where ccr is the minimum Rayleigh or Bleustein
(1968)–Gulyaev (1969) wave speed for the bimaterial interface (it will be called critical surface wave speed),
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i.e. the subsonic regime is investigated. In this case the obtained Eq. (3) represents a set of homogeneous
partial differential equations of the elliptic type (Herrmann and Noe, 1995), and therefore, the Lekhnit-
skii–Eshelby–Stroh method of generalized complex potentials can be applied for their solution. Assuming
all fields are independent of the coordinate x3 the required solution of the system (3) is presented in the form
U ¼ afðzÞ; ð6Þ

where f(z) = [f1(z), f2(z), f3(z), f4(z)] is an arbitrary 4-components vector function of the complex variable
z = x1 + px3 and the vector a = [a1,a2,a3,a4]

T can be found from the system
½Qþ pðRþ RTÞ þ p2T�a ¼ 0; ð7Þ

which can be obtained by means of the substitution of the ansatz (6) into Eq. (3). A nontrivial solution of
Eq. (7) exists if p is a root of the equation
det½Qþ ðRþ RTÞp þ Tp2� ¼ 0: ð8Þ

It was shown that Eq. (8) has no real roots provided v < ccr, therefore we denote the roots of Eq. (8) with

positive imaginary parts as pi and the associated eigenvectors of (7) as ai (i = 1,2,3,4). According to Suo
et al. (1992) the most general real solution of Eq. (3) can be presented as
V ¼ AfðzÞ þ A�fð�zÞ; ð9Þ

where A = [a1,a2,a3,a4] is a matrix composed of eigenvectors, f(z) = [f1(z1), f2(z2), f3(z3), f4(z4)]

T is an arbi-
trary vector function, zi = x1 + pix3 (i = 1,2,3,4) and the overbar stands for the complex conjugate.

Comparing Eqs. (3), (6)–(9) with the associated equations of Section 2 of the paper by Herrmann and
Loboda (2000) dealing with a stationary crack it can be clearly seen that formally they are the same if
(Q0)ik, (R0)ik and (T0)ik from Eq. (5) are substituted instead of QJK, RJK and TJK, respectively, of the men-
tioned paper. This fact is not new and it has been mentioned in many papers. However, it means that the
method developed in the paper by Herrmann and Loboda (2000) for a static interface crack in a piezoelec-
tric bimaterial can be applied also to the investigation of a moving crack for the same dissimilar material.
3. Formulation of the problem and derivation of the basic relations

A tunnel interface crack c 6 x1 6 b, x3 = 0 (Fig. 1) between two semi-infinite ceramic spaces x3 > 0 and
x3 < 0 which are poled in the x3-direction is considered. The material properties are defined by the matrices
cð1Þijkl; eð1Þlij ; eð1Þij (for x3 < 0) and cð2Þijkl; eð2Þlij ; eð2Þij (for x3 < 0). It is assumed that the direction of the polarization
of both materials is orthogonal to the crack front and for the upper one (upper index (1)) it can be arbi-
trarily oriented with respect to the crack surface (angle b) whilst for the lower one (index (2)) it is orthog-
onal to this surface. The crack is loaded by the concentrated loading (P1,P2) applied to its faces which is
independent on the coordinate x2. It is assumed as well that the crack and the loading are extending with
the speed v, lower than the critical wave speed ccr, in the x1-direction and a frictionless contact zone (a,b) of
the arbitrary length appears at the right crack tip.

Assuming that the coordinate system (x1,x3) moves together with the crack tip the interface conditions in
this coordinate system can be written in the following form:
½u1� ¼ ½u2� ¼ ½u3� ¼ 0; ½u� ¼ 0; ½r13� ¼ ½r23� ¼ ½r33� ¼ 0 for x1 62 ðc; bÞ; ð10Þ

r�
13 ¼ P 1dðx1 � dÞ; r�

33 ¼ P 3dðx1 � dÞ; r�
23 ¼ 0; ½u� ¼ 0; ½D3� ¼ 0 for x1 2 ðc; aÞ; ð11Þ

r�
13 ¼ r�

23 ¼ 0; ½r33� ¼ 0; ½u3� ¼ 0; ½u� ¼ 0; ½D3� ¼ 0 for x1 2 ða; bÞ; ð12Þ
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Fig. 1. Moving interface crack of a finite length in a piezoelectric bimaterial space under the action of a concentrated loading at its
faces.
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where [f] = f+ � f� means the jump of the function f through the material interface and
f± (x1) = f(x1 ± i Æ 0).

Applying the approach presented for a the stationary crack by Herrmann and Loboda (2000) to the con-
sidered case of a moving crack one arrives at the following expressions written in the moving coordinate
system:
½U0ðx1Þ� ¼ Wþðx1Þ �W�ðx1Þ; ð13aÞ

tð1Þðx1; 0Þ ¼ GWþðx1Þ �GW�ðx1Þ; ð13bÞ

½U0ðx1Þ� ¼ U0ð1Þðx1; 0Þ �U0ð2Þðx1; 0Þ; G ¼ Bð1ÞD�1; ð14Þ

B ¼ RT þ TAdiag½p1; p2; p3; p4�; D ¼ Að1Þ � LBð1Þ; L ¼ Að2ÞðBð2ÞÞ�1
; ð15Þ

W�ðx1Þ ¼ Wðx1 � i0Þ; t ¼ ½r13; r23;r33;D3�T; ð16Þ
where the vector function W(z) is analytic in the whole plane with a cut along the crack region (c,b) and the
superscripts (1) and (2) define the upper and lower materials, respectively.

For the accepted kind of polarization the matrix G has the following structure:
G ¼

ig11 0 g13 g14
0 ig22 0 0

g31 0 ig33 g34
g41 0 g43 ig44

26664
37775; ð17Þ
where g11, g22, g33, g44 are real, gij (i, j = 1,2,3,4; i5 j) are complex, and gij ¼ ��gji; i ¼
ffiffiffiffiffiffiffi
�1

p
.

The analysis of the matrix (17) shows that the stress–strain state in this case can be decoupled into an
in-plane and an out-of-plane problem. Because the out-of-plane problem is relatively simple the main
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attention will be devoted to the in-plane problem which is characterized by the displacements u1,u3 and the
electrical potential u.

Due to the continuity of the electrical conditions at the whole interface and the absence of any electro-
mechanical loading at infinity W4(z) = 0 is valid in the whole plane. Therefore, from the matrix equation
(13b) the expressions for rð1Þ

13 ; rð1Þ
33 ; Dð1Þ

3 at the interface can be written in the form
rð1Þ
13 ðx1; 0Þ ¼ ig11W

þ
1 ðx1Þ þ g13W

þ
3 ðx1Þ þ ig11W

�
1 ðx1Þ � �g13W

�
3 ðx1Þ; ð18Þ

rð1Þ
33 ðx1; 0Þ ¼ g31W

þ
1 ðx1Þ þ ig33W

þ
3 ðx1Þ � �g31W

�
1 ðx1Þ þ ig33W

�
3 ðx1Þ; ð19Þ

Dð1Þ
3 ðx1; 0Þ ¼ g41W

þ
1 ðx1Þ þ g43W

þ
3 ðx1Þ � �g41W

�
1 ðx1Þ � �g43W

�
3 ðx1Þ: ð20Þ
By combining Eqs. (18) and (19) one obtains the following expressions at the interface:
rð1Þ
33 ðx1; 0Þ þ imjr

ð1Þ
13 ðx1; 0Þ ¼ T j½F þ

j ðx1Þ þ cjF
�
j ðx1Þ�; j ¼ 1; 2; ð21Þ
where Fj(z) = W1(z) + iSjW3(z) and the constants mj, Sj, Tj, cj can be found by the following formulas:
m1;2 ¼
ðg13 þ g31Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg13 þ g31Þ

2 þ 4g33g11

q
2g11

; ð22Þ

T j ¼ g31 � g11mj; Sj ¼
g33 þ mjg13
g31 � mjg11

; cj ¼
g12 � mjg11

T j
; j ¼ 1; 2: ð23Þ
As it follows from the analysis of the formulas (22) and (23) the constants m1,2, S1,2 are complex while T1,2,
c1,2 are real. Besides the following relations
S1;2 ¼ �m1;2; c1 ¼ 1=c2 ð24Þ

hold true.

Using Eq. (13a) leads to the following expression for the derivatives of the displacement jumps:
½u01ðx1Þ� þ iSj½u03ðx1Þ� ¼ F þ
j ðx1Þ � F �

j ðx1Þ; j ¼ 1; 2: ð25Þ
In the following the attention will be paid to the case of j = 1 only because the results for j = 2 can be found
from the results for this case.
4. Moving crack of a finite length

The substitution of the presentations (21) and (25) in the boundary conditions (10)–(12) leads to the fol-
lowing inhomogeneous combined Dirichlet–Riemann problem with respect to the function F1(z)
F þ
1 ðx1Þ þ c1F

�
1 ðx1Þ ¼ T�1

1 gðx1Þ for x1 2 ðc; aÞ; ð26Þ

ImF �
1 ðx1Þ ¼ 0 for x1 2 ða; bÞ; ð27Þ
where g(x1) = (P3 + im1P1)d(x1 � d).
The solution of problems (26) and (27) for trivial values of F(z) at infinity is presented in the paper by

Herrmann et al. (2004) and has the following form:
F 1ðzÞ ¼
X 2ðzÞ
d � z

ReðI0Þ þ iImðI0Þ
Y ðzÞ
Y ðdÞ

� �
; ð28Þ



K.P. Herrmann et al. / International Journal of Solids and Structures 42 (2005) 4555–4573 4561
where
X 2ðzÞ ¼ eiuðzÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz� cÞðz� aÞ

p
; ð29Þ

uðzÞ ¼ 2e1 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� aÞðz� cÞ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðz� aÞ

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� cÞðz� bÞ

p ; e1 ¼
ln c1
2p

; ð30Þ

Y ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz� aÞ=ðz� bÞ

p
; I0 ¼

1

2pi
P 3 þ im1P 1

T 1Xþ
2 ðdÞ

: ð31Þ
Using the obtained solution and the formula (25) leads to the following expressions for the derivatives of
the displacement jumps for x1 2 (c,a):
½u01ðx1; 0Þ� þ iS1½u03ðx1; 0Þ� ¼
ðc1 þ 1Þ

c1

X 2ðx1Þ
d � x1

ReðI0Þ þ iImðI0Þ
Y ðx1Þ
Y ðdÞ

� �
: ð32Þ
Similarly it follows from Eqs. (21) and (28) that in the contact zone (a,b)
rð1Þ
33 ðx1; 0Þ ¼ � r1ReðI0Þ

ðx1 � dÞ coshu2ðx1Þ þ
1� c1
1þ c1

sinhu2ðx1Þ
� �

� r1ImðI0Þ
ðx1 � dÞ sinhu2ðx1Þ þ

1� c1
1þ c1

coshu2ðx1Þ
� �

Y 1ðx1Þ
Y ðdÞ ; ð33Þ

½u01ðx1; 0Þ� ¼ � 2 coshu2ðx1Þ
ðx1 � dÞ

Y 1ðx1Þ
Y ðdÞ ImðI0Þ; ð34Þ
while for x1 > b:
rð1Þ
33 ðx1; 0Þ þ im1r

ð1Þ
13 ðx1; 0Þ ¼ T 1ðc1 þ 1ÞX 2ðx1Þ

d � x1
ReðI0Þ þ iImðI0Þ

Y ðx1Þ
Y ðdÞ

� �
; ð35Þ
where
u2ðx1Þ ¼ 2e1 arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� cÞðb� x1Þ
ðb� cÞðx1 � aÞ

s
; Y 1ðx1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � a
b� x1

r
; r1 ¼ ð1þ c1ÞT 1:
Using the first formula (13) and the expressions (18)–(20) gives the following expression for the electrical
displacement for x1 2 (a,b):
Dð1Þ
3 ðx1; 0Þ ¼ Reðg41Þ½u01ðx1; 0Þ� þ

Imðg41ÞImðg13Þ � Imðg43Þg11
ðImðg31ÞÞ

2 � g33g11
ðrð1Þ

33 ðx1; 0Þ �Reðg31Þ½u01ðx1; 0Þ�Þ: ð36Þ
Introducing the following stress and electrical intensity factors (IFs)
k1 ¼ lim
x1!aþ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx1 � aÞ

p
rð1Þ
33 ðx1; 0Þ; ð37Þ

k2 ¼ lim
x1!bþ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx1 � bÞ

p
rð1Þ
13 ðx1; 0Þ; ð38Þ

k4 ¼ lim
x1!aþ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx1 � aÞ

p
Dð1Þ

3 ðx1; 0Þ ð39Þ
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and using the relations (33) and (35) leads to the following formulas for k1 and k2:
k1 ¼ �
ffiffiffi
2

p

r ffiffiffiffiffiffiffiffiffiffiffi
d � c

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� dÞða� cÞ

p P 3 � Imðm1ÞP 1ð Þ cosðu1ðdÞÞ þReðm1ÞP 1 sinðu1ðdÞÞ½ �; ð40Þ

k2 ¼ � 1þ c1ffiffiffiffiffiffiffiffiffi
2pc1

p ffiffiffiffiffiffiffiffiffiffiffi
1� h

pffiffiffiffiffiffiffiffiffiffiffi
b� d

p P 1 cosðu1ðdÞÞ �
P 3 � Imðm1ÞP 1

Reðm1Þ
sinðu1ðdÞÞ

� �
; ð41Þ
where
u1ðdÞ ¼ 2e1 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� aÞðd � cÞ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� cÞða� dÞ

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� cÞðb� dÞ

p ; h ¼ b� d
b� c

:

On the base of Eq. (36) the electrical IF k4 can be expressed via the SIF k1 in the following way:
k4 ¼
Imðg43Þg11 � Imðg41ÞImðg13Þ

g33g11 � ðImðg13ÞÞ
2

þ Reðg41Þ þ
Reðg31ÞðImðg41ÞImðg13Þ � Imðg43Þg11Þ

g33g11 � ðImðg13ÞÞ
2

 !
c21 � 1

2c1r1

 !
k1:

ð42Þ

The obtained formulas are mathematically correct for any position of the point a; however, the obtained

solution becomes physically valid if the following inequalities:
rð1Þ
33 ðx1; 0Þ 6 0 for x1 2 ða; bÞ; ½u3ðx1; 0Þ� P 0 for x1 2 ðc; aÞ ð43Þ
are satisfied and the contact zone model in Comninou�s (1977) sense takes place. It can be shown that for
the satisfaction of the mentioned inequalities it is necessary and sufficient to reach the smooth closing of the
crack
lim
x1!a�0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a� x1

p ½u03ðx1; 0Þ� ¼ 0;
which is equivalent to the equation k1 = 0. Both of these equations due to the formulas (32) and (40) can be
written in the form of the following single transcendental equation
tanu1ðkÞ ¼ � P 3 � Imðm1ÞP 1

Reðm1ÞP 1

; ð44Þ
where
u1ðkÞ ¼ 2e1 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kð1� hÞ

pffiffiffiffiffiffiffiffiffiffiffi
h� k

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hð1� kÞ

p ð45Þ
and k ¼ b�a
b�c is the relative contact zone length.

It was known earlier and is confirmed here by a numerical verification that for the satisfaction of both
inequalities (43) the maximum root of Eq. (44) situated in the interval (0,1) should be chosen. This root will
be designated as k0. In a general case Eq. (44) cannot be solved exactly and a numerical procedure should be
used, but for small values of k (k � 1) the following asymptotic solution of Eq. (44)
k0 � ek0 ¼
4h

1� h
exp

1

e1
tan�1 � P 3 � Imðm1Þ

Reðm1ÞP 1

� �
þ pn

� �� �
ð46Þ
is valid and the appropriate value of n which defines the maximum k0 from the set (46) should be taken.
Introducing in formula (41) Eq. (44) leads to the following expression for the SIF k2 which corresponds

to the real contact zone length
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k2 ¼ � 1

Reðm1Þ
1þ c1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pc1ðb� dÞ
p ffiffiffiffiffiffiffiffiffiffiffi

1� h
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðReðm1ÞP 1Þ2 þ ðP 3 � Imðm1ÞP 1Þ2
q

: ð47Þ
5. Moving crack of a semi-infinite length

The model of a moving crack with a finite length considered in the previous chapter is an idealization
which for a crack in a homogeneous material was suggested by Yoffe (1951), and it is suitable for the inves-
tigation of local processes at the crack tip. However, together with this model it is of interest to analyze the
propagating crack with a semi-infinite length which for a case of two dissimilar isotropic materials was ini-
tiated by Gol�dstein (1966). The results for this case can be obtained as a particular case of the above men-
tioned solution.

Thus the crack tip b will be connected with the origin of the moving coordinate system (x1,x3). Further,
the contact zone length will be denoted as r, and the distance from the applied concentrated forces to the
crack tip as d1. It is clear that in this coordinate system b = 0, a = �r and d = �d1 hold true. Now if the left
crack tip c tends to (�1) and by performing the analysis of Eqs. (32)–(35), which is similar to that which
was presented in details by Herrmann et al. (2004), the following equations can be obtained:
rð1Þ
33 ðx1; 0Þ þ im1r

ð1Þ
13 ðx1; 0Þ ¼

Rð1þ c1Þ expðiuðx1ÞÞ
2pðx1 þ d1Þ

� � cosðgþ #Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
d1 � r
x1 þ r

r
þ i sinðgþ #Þ

ffiffiffiffiffi
d1

x1

r� �
for x1 > 0; ð48Þ

rð1Þ
33 ðx1; 0Þ ¼ � R

sinðgþ #Þ sinhu3ðx1Þ
ffiffiffiffiffiffiffiffi
d1

r

pðx1 þ d1Þ �x1

� R
pðx1 þ d1Þ

cosðgþ #Þ coshu3ðx1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
d1 � r
x1 þ r

r
; ð49Þ

½u01ðx1; 0Þ� ¼
R

pT 1
ffiffiffiffi
c1

p ðx1 þ d1Þ
sinðgþ #Þ

ffiffiffiffiffiffiffiffi
d1

�x1

r� �
for x1 2 ð�r; 0Þ; ð50Þ

½u01ðx1; 0Þ� þ im1½u03ðx1; 0Þ� ¼ T 1R
1þ c1
c1

expðiu3ðx1ÞÞ
2pðx1 þ d1Þ

� sinðgþ #Þ
ffiffiffiffiffiffiffiffi
d1

�x1

r
þ i cosðgþ #Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1 � r
�x1 � r

r� �
for x1 < �r; ð51Þ
where ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq

R ¼ ðP 3 � Imðm1ÞP 1Þ2 þ ðReðm1ÞP 1Þ2; ð52Þ

uðzÞ ¼ �2e1 ln
1

i

ffiffi
z
r

r
þ

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

r

r� �
; g ¼ � arctan

Reðm1ÞP 1

P 3 � Imðm1ÞP 1

; ð53Þ

# ¼ �2e1 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffi
d1

r
� 1

r
þ

ffiffiffiffiffi
d1

r

r !
; u3ðx1Þ ¼ 2e1 arctan

ffiffiffiffiffiffiffiffiffiffiffiffi
r þ x1
�x1

r
: ð54Þ
It is worth to be mentioned that for the electrical displacement D3 the relation (36) remains valid pro-
vided the stresses and displacements are used from the expressions (48)–(51).
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On the base of the formulas (40) and (41) the SIFs can be written as
k11 ¼ �
ffiffiffi
2

p

r
Rffiffiffiffiffiffiffiffiffiffiffiffiffi

d1 � r
p cosðgþ #Þ; ð55Þ

k12 ¼ � Rð1þ c1Þ
Reðm1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pd1c1

p sinðgþ #Þ ð56Þ
and Eq. (44) for the determination of the real contact zone length attains the following very simple form:
cosð#þ gÞ ¼ 0: ð57Þ
It is convenient to introduce the new parameters a = k/h and a1 = r/d1 which define the coefficients of
the contact zone length and the distance from the concentrated force to the crack tip for cracks of finite and
infinite lengths, respectively. Therefore the exact solution of Eq. (57) can be given as follows
a1 ¼ cosh�2 1

2e1
ðgþ pð0:5� nÞÞ

� �
; ð58Þ
where the integer n should be taken similarly to the previous case.
Further, the SIF k2 at the tip of a crack with semi-infinite length can be written in the form
k12 ¼ � Rðc1 þ 1Þ
Reðm1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pd1c1

p : ð59Þ
For the comparison of the results of the above two models consider Eq. (58) for small values of a1
(a1 � 1). In this case the approximate equality cosh2(x) � 0.25exp(2x) is valid and we arrive at the follow-
ing asymptotic formula for a1:
a1 � ea1 ¼ 4 exp � 1

e1
ðgþ pð0:5� nÞÞ

� �
: ð60Þ
A comparable analysis of Eqs. (46), (47) and (59), (60) shows the validity of the following equations:
ea1 ¼ ð1� hÞea0; k12 ¼ ð1� hÞ�1k2: ð61Þ
6. Numerical results and discussion for an electrically permeable crack

The numerical analysis has been performed for a bimaterial composed of piezoceramics PZT4 (the upper
material) and PZT5 (the lower one) with the material properties shown in Table 1. The position of the con-
centrated loading at the crack faces was defined by the value h = 0.2 and the transverse component of the
loading was used to be zero (P1/P3 = 0).

In Figs. 2–5 the dependencies of the parameters e1; a; ~k2 ¼ k2
P 3

ffiffiffiffiffiffiffiffiffiffiffi
b� d

p
from the crack speed are pre-

sented. The solid lines correspond to a crack of a finite length and the dashed lines are related to the crack
of a semi-infinite length. Particularly in Fig. 2 the variation of the oscillation index e1 with respect to the
crack speed v for different directions of polarization of the upper materials defined by the angle b are
shown. Line I correspond to b = 0 and the line II is given for b = p/6. The values of the critical speed



Table 1
Material properties

Material constants PZT-5 PZT-4

c11 (N/m2) 10.3 · 1010 13.9 · 1010

c33 (N/m2) 10.2 · 1010 11.5 · 1010

c12 (N/m2) 5.8 · 1010 7.78 · 1010

c13 (N/m2) 5.9 · 1010 7.43 · 1010

c44 (N/m2) 2.5 · 1010 2.56 · 1010

c66 (N/m2) 2.25 · 1010 3.06 · 1010

e31 (C/m
2) �7.78 �5.2

e15 (C/m
2) 12.9 12.7

e33 (C/m
2) 15.2 15.1

e11 (C/V m) 8.92 · 10�9 6.45 · 10�9

e33 (C/V m) 7.93 · 10�9 5.62 · 10�9

q (kg/m3) 7600 7500
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Fig. 2. The variation of the oscillation index e1 with respect to the crack speed v for different directions of polarization of the upper
materials.
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for these cases are equal to 1975.59 m/s and 1817.76 m/s, respectively. In Figs. 3 and 4 the variation of the
relative contact zone length a with respect to v for different directions of polarization defined by b = 0 (line
I), b = p/3 (II) and b = p (III) are shown. Because of the smallness of the contact zone length for small and
moderate values of v the results in Fig. 3 are given in a logarithmic scale and the difference between the
results for cracks with finite or semi-infinite lengths is not visible in this case. The results in Fig. 4 are pre-
sented for a crack speed v tending to the critical speed ccr and in Fig. 5 the variation of the dimensionless
SIF ~k2 for the full range of v in the interval (0,ccr) for b = 0 (line I) and b = p (II) are presented.

It follows from the analysis of the results presented in Figs. 2–5 that all values essentially depend on the
crack speed v especially for the near-critical speed region. Particularly for this region the value of the rel-
ative contact zone length a tends to the value of h for v ! ccr and the SIF k2 grows to infinity. It is clear as
well that the investigated parameters do not depend essentially from the variation of the direction of polar-
ization of the upper material and, moreover, the results for cracks with finite or infinite lengths, respectively
differ only inconsiderable. This conclusion confirms the possibility for using interface crack models with
finite or semi-infinite crack lengths for the investigation of local effects at the correspondent crack tips.
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7. Electrically impermeable crack

Let us consider now the case of an electrically impermeable crack. It was mentioned in many papers (see
for example the review given by Herrmann et al., 2001) that the electrically permeable assumption is more
realistic than the impermeable one. However, this assumption can be useful in some cases (Suo et al., 1992),
for example if an electrical charge is prescribed at the crack faces.

The formulation of the problem is the same as earlier except that the open part of the crack is now as-
sumed electrically insulated, and the concentrated electrical charge with the intensity D is prescribed at the
points (e, 0) of the crack faces (Fig. 6). Because it was shown above that the direction of polarization has no
essential influence onto the parameters in question these directions here are chosen co-directed with the axis
x3. The conditions at the material interface in the moving coordinates (x1,x3) introduced in Section 2 with
taking into account in-plane components only can be written as follows:
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½U� ¼ 0; ½t� ¼ 0 for x1 62 ðc; bÞ; ð62aÞ

r�
13 ¼ P 1dðx1 � dÞ; r�

33 ¼ P 3dðx1 � dÞ; D3 ¼ Ddðx1 � eÞ for x1 2 ðc; aÞ; ð62bÞ

r�
13 ¼ 0; ½r33� ¼ 0; ½u3� ¼ 0; ½u� ¼ 0; ½D3� ¼ 0 for x1 2 ða; bÞ: ð62cÞ
Following the analysis presented in Section 2 and taking into account the analytical manipulations per-
formed by Herrmann et al. (2001) leads to the following expressions for the stresses, electrical displacement
as well as for the derivatives of the mechanical displacements and electrical potential jumps at the interface
in the moving coordinate system
rð1Þ
33 ðx1; 0Þ þ mj4D

ð1Þ
3 ðx1; 0Þ þ imj1r

ð1Þ
13 ðx1; 0Þ ¼ F þ

j ðx1Þ þ cjF
�
j ðx1Þ; j ¼ 1; 3; 4; ð63Þ

nj1½u01ðx1; 0Þ� þ iðnj3½u03ðx1; 0Þ� þ nj4½u0ðx1; 0Þ�Þ ¼ F þ
j ðx1Þ � F �

j ðx1Þ; j ¼ 1; 3; 4; ð64Þ
where Fj(z) are functions analytical in the whole plane with a cut along the crack, mj4 = Sj4, mj1 = �iSj1,
nj1 = Yj1, nj3 = �iYj3, nj4 = �iYj4 depend on the crack speed v and are real values, Yj = [Yj1, Yj3, Yj4] =

Sj G and cj and ST
j ¼ ½Sj1; Sj3; Sj4�T are the eigenvalues and the eigenvectors of the system
ðcGT þG
TÞST ¼ 0: ð65Þ
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Geometry of the problem and the distribution of an electromechanical loading for the case of an electrically insulated crack.
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It should be mentioned that the above conclusion concerning the reality of the coefficients mj1, mj4, nj1, nj3
and nj4 is valid provided cj are real, however, the last condition is satisfied for a variety of practically used
bimaterial combinations.

The substitution of Eqs. (63), (64) into the interface conditions (62) leads to the following combined
Dirichlet–Riemann problems for the functions Fj(z), j = 1,3:
F þ
j ðx1Þ þ cjF

�
j ðx1Þ ¼ ðP 3 þ imj1P 1Þdðx1 � dÞ þ mj4Ddðx1 � eÞ for x1 2 ðc; aÞ; ð66Þ

ImF �
j ðx1Þ ¼ 0 for x1 2 ða; bÞ ð67Þ
and to the Hilbert problem for the function F4(z)
F þ
4 ðx1Þ þ F �

4 ðx1Þ ¼ ðP 3 þ im41P 1Þdðx1 � dÞ þ m44Ddðx1 � eÞ for x1 2 ðc; aÞ: ð68Þ

It is proved analytically that c1 = 1/c3, m14 = m34, m11 = �m31 and therefore, the solution of the problem
(66), (67) for j = 3 can be found from the solution of this problem for j = 1. This solution is found in the
same way as for the combined Dirichlet–Riemann problem (26), (27) and for trivial values of F1(z) at infin-
ity has the following form
F 1ðzÞ ¼
X 2ðzÞ
2p

ffiffiffiffi
c1

p W1 þ iW2

Y ðzÞ
Y ðdÞ

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � cÞða� dÞ

p
ðd � zÞ þ W3 þ iW4

Y ðzÞ
Y ðeÞ

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðe� cÞða� eÞ

p
ðe� zÞ

" #
; ð69Þ
where
W1 ¼ P 3 cosu1ðdÞ þ m11P 1 sinu1ðdÞ; W2 ¼ m11P 1 cosu1ðdÞ � P 3 sinu1ðdÞ; ð70Þ

W3 ¼ m14D cosu1ðeÞ; W4 ¼ �m14D sinu1ðeÞ; ð71Þ
whilst X2(z), u(z) and Y(z) are defined by the formulas (29)–(31), respectively.
The solution of the problem (68) under the trivial condition at infinity reads follows (Muskhelishvili,

1977):
F 4ðzÞ ¼
X 0ðzÞ
2pi

P 3 þ im41P 1

Xþ
0 ðdÞðd � zÞ þ

m44D
Xþ

0 ðeÞðe� zÞ

� �
; ð72Þ
where X0(z) = [(z � c)(z � a)]�1/2.
Using the obtained solutions and the formulas (63), (64) the expressions for the mechanical stresses, elec-

trical displacements as well as for the derivatives of the mechanical displacements and electrical potential
jumps at the interface are found and presented in Appendix A. Eqs. (A.2a), (A.2b) and (A.3a), (A.3b) can
be considered as a system of linear algebraic equations from which rð1Þ

33 ðx1; 0Þ; Dð1Þ
3 ðx1; 0Þ for x1 2 (a,b) and

½u03ðx1; 0Þ�, [u 0(x1,0)] for x1 2 (a,b) can be easily calculated.
The introduction of the stress and electrical intensity factors defined by the formulas (37)–(39) and the

use of Eqs. (B.1) and (B.2) lead to the following expressions for the required IFs
k1 ¼
ffiffiffi
2

pffiffiffi
p

p
ðm44 � m14Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d � c

ða� cÞða� dÞ

s
ðm14P 3 � m44W1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e� c

ða� cÞða� eÞ

r
ðm44m14D� m44W3Þ

 !
;

ð73Þ

k2 ¼ � ð1þ c1Þ
m11

ffiffiffiffiffiffiffiffiffi
2pc1

p W2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d � c

ðb� cÞðb� dÞ

s
þW4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e� c

ðb� cÞðb� eÞ

r !
: ð74Þ
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k4 ¼
ffiffiffi
2

pffiffiffi
p

p
ðm14 � m44Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d � c

ða� cÞða� dÞ

s
ðP 3 �W1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e� c

ða� cÞða� eÞ

r
ðm44D�W3Þ

 !
: ð75Þ
The obtained solution is valid for any position of the point a, however, to make it physically correct the
inequalities (43) should be satisfied. The satisfaction of the mentioned inequalities is not so clear as in the
case of an electrically permeable crack. First of all we formulate the following equations:
k1 ¼ 0 ð76aÞ

and

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a� x1

p ½u03ðx1; 0Þ� ¼ 0 which can be written in the form
H11k1 þH14k4 ¼ 0; ð76bÞ
where H11 ¼ ðn44
ffiffiffiffiffiffiffiffiffi
a=c1

p
� n14Þ=Dn; H14 ¼ ðm14n44

ffiffiffiffiffiffiffiffiffi
a=c1

p
� m44n14Þ=Dn; Dn ¼ n13n44 � n43n14; a ¼ ðc1þ1Þ2

4c1
.

The maximum roots from the interval (0,1) of Eqs. (76a) and (76b) generally can be found numerically,
and they are designated by k1 and k2, respectively. However, for small values of these parameters the fol-
lowing asymptotic formulas are valid
ek1 ¼ exp
1

e1
ð�1Þn arcsin

D1

Dpd

� �
� arcsin

m14

Dpdm44

ðH1m44Dþ P 3Þ
� �� �

þ pn
� �� �

; ð77aÞ

ek2 ¼ exp
1

e1
ð�1Þn arcsin

D1

Dpd

� �
� arcsin

H11m14 �H14ð Þ
Dpd m44H11 �H14ð Þ ðH1m44Dþ P 3Þ
� �� �

þ pn
� �� �

; ð77bÞ
where

Dpd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

x þ D2
y

q
; Dx ¼ m11P 1 cosU �H1m14D sin V � P 3 sinU ;

Dy ¼ H1m14D cos V þ P 3 cosU þ m11P 1 sinU ;

H1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� #Þh
ð1� hÞ#

s
; h ¼ b� d

b� c
; # ¼ b� e

b� c
; U ¼ e1 ln

1� h
4h

; V ¼ e1 ln
1� #

4#
:

The numerical analysis showed that in the considered case the inequalities (43) are satisfied not only for a
single value of the contact zone length k, but usually for a set of positions a 2 [a1,a2], where a = b � kl,
a1 = b � k1l, a2 = b � k2l and l is the crack length. In other terms this set can be defined as follows
Xa ¼ ½a P a1 \ a 6 a2�: ð78Þ

This situation is not traditional because usually the real position of the point a is uniquely defined by the
inequalities (43). It was already mentioned and analyzed by Herrmann et al. (2001) and Herrmann and
Loboda (2003) concerning a stationary crack. We only mention here that the existence and the size of
the set Xa essentially depend on the materials, the electromechanical loading and the crack speed. This
set exists only if a1 6 a2; for a2 = a1 arises the unique point satisfying both inequalities (43) and for
a2 < a1 follows Xa = B, and the contact zone model defined by the boundary conditions (62) does not exist.
In the last case more realistic conditions should be used.

The analysis shows that the most characteristic situation is connected with Xa 5 B, and it is clear that
for any of such cases a unique contact zone defined by a real position of the point a should exist. In the
paper by Herrmann et al. (2001) a position in question has been defined by means of the theorem of the min-
imum potential energy. The same analysis remains valid here and, therefore, the real position of the point a
coincides with a1 provided Xa 5 B holds true.

The numerical analysis gives a rather manifold picture of results for the case of an electrically imperme-
able crack. But the main conclusions noticed for a stationary crack remain valid here. Particularly, for
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D = 0 the set Xa usually exists and is not empty. An increase of D leads to a decrease of (a2 � a1) till to the
point where a2 = a1. In this point Xa = a2 = a1 holds true, and the further increasing of D gives Xa = B and
the contact zone model does not exist. On the other hand decrease of D leads to the decrease of both values
a1 and a2, but their difference increases. Concerning the influence of the crack tip speed it is worth to be
mentioned that an increase of v usually decreases the difference (a2 � a1) and in some cases leads to a trans-
formation from Xa = B to the opposite situation.

In Fig. 7 for the same bimaterial as in Table 1 the dependence of the relative contact zone length a with
respect to the crack tip speed in the near-critical speed region is presented. Line I corresponds to a finite
crack and line II to a semi-infinite one. The mechanical loading was the same as for the electrically perme-
able crack (P1 = 0,P3 = �106 N/m), but in addition an electrical charge of intensity D = �2.48 · 10�4 C/m2

was prescribed in the point (0,e) with (b � e)/(b � c)�1 = 0.15. It follows from the presented figures that the
behavior is similar to the case of an electrically permeable crack, i.e. the increase of v leads to an essential
increase of the contact zone length especially in the near-critical speed zone.
8. Conclusion

A moving interface crack with a mechanically frictionless and electrically permeable contact zone at the
leading crack tip in a piezoelectric bimaterial is considered. In the first chapters of the paper the open part
of the crack is assumed to be electrically permeable and concentrated forces of an arbitrary direction are
prescribed at the crack faces.

By introduction of a moving coordinate system attached to the crack tip and by using the formal identity
of the obtained relations to the associated case of a stationary crack the presentations of the mechanical
displacements and electrical potential jumps (13a) as well as of the stresses and electrical displacements
(13b) at the material interface via a sectionally holomorphic vector-function are obtained.

A finite length interface crack (Yoffe-type crack) is considered in Section 4. By means of the presenta-
tions (13) this problem is reduced to an inhomogeneous combined Dirichlet–Riemann problems (26) and
(27) which has been solved exactly. All electromechanical characteristics at the interface are presented in
a closed form for an arbitrary contact zone length. Further, from the additional inequalities (43) the tran-
scendental equation (44) for the determination of the real contact zone length and the formula (47) for the
associated stress intensity factors of the shear stress are obtained. As a particular case of the obtained solu-
tion a semi-infinite interface crack is considered in Section 5 and simple formulas (58), (59) for the contact
zone length and the stress intensity factor of the shear stress are given.
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The numerical illustrations of the obtained solutions for an electrically permeable crack are presented for
the bimaterial PZT4/PZT5 (Table 1) in Figs. 2–5. In all considered cases an essential increase of the bima-
terial constant �, the real contact zone length and the associated shear stress intensity factor for a crack
speed v tending to the critical (Rayleigh or Bleustein–Gulyaev) wave speed is observed.

The case of electrically impermeable crack faces is considered briefly in Section 7. In this case in addition
to the Dirichlet–Riemann problem (67) the Hilbert problem (68) arises. However, an exact analytical solu-
tion has been obtained in this case as well and the prescribed concentrated electrical charge (in addition to
the mechanical loading) at the crack faces is taken into account.
Acknowledgment

One of the authors (V.L.) gratefully acknowledges a grant from the German Academic Research Service
(DAAD).
Appendix A

The expressions for the mechanical stresses, electrical displacement, the derivatives of the mechanical
displacements and electrical potential jumps at the interface for an electrically impermeable crack
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